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NORMAL FORM ANALYSIS: ARES

Traking along a magneti lattie (or a nonlinear opti devie) redues to the

'omposition' of a sequene of sympleti maps. The one-turn map (Poiar�e map)

is given
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where the operatorD

H

is the usual Poisson braket operator and the Lie transform

exp(D

H

) de�nes the phase ow of the Hamiltonian system H,



In the ase of a linear maps (dipole and quadrupoles), the one turn map an be

analytially omputed: the eigenvalue at the ellipti �xed point (the origin) de�ne

the linear tunes.

In the non-linear ase M an be omputed only using a perturbative approah

whose orders orrespond to the non linear multiples in the magneti lattie. But

the trunated map [M℄

m

is not sympleti be used for long term traking (dy-

namis aperture).

From a omputational point of view we have developed an eÆient ode based on

the relation
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to ompute the polynomial omposition.



The main idea of normal form is to ompute a integrable sympleti map from the

trunated map [M℄

m

aording to the relation
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where K

m

(Z) is a polynomial integrable hamiltonian and T

m

(Z) = z is a polyno-

mial hange of variables.

ARES ode (C language): main limitations are the exponential growth of the

number of oeÆients as the homogeneous polynomial order inreases and the

asymptoti harater of the perturbative expansion that limits the appliability

region (as the order inreases the region shrinks to the origin).

(A. Bazzani, M. Giovannozzi, E. Todeso `A program to ompute Birkho� normal

forms of sympleti maps in R

4

', Comp. Phys. Comm. 86 (1995) 199-207).
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Multipolar orretion strategy

The non resonant normal form de�ned the non linear betatroni tunes
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as a funtion of the nonlinear invariants.
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Then using a family of sextupoles and otupoles in the magneti lattie it is pos-

sible to hange the one turn map in order to set !

2

= 0 to redue the nonlinear

tune-shift (W. Sandale, F. Shmidt, E. Todeso `Compensation of the tune shift

in the LHC, using the normal forms tehniques', Part. Ael. 35 (1991) 53-81).

But this does not means automatially an inrease of the dynami aperture.



Resonant normal forms and dynamis aperture

It is possible to preserve the integrable harater of the normal form dynamis by

onsidering a single non linear resonane in the phase spae.
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We have developed the ode NERO that evaluates the stability, the position and

the width of resonanes in four-dimensional sympleti maps. (E. Todeso, M.

Gemmi, M. Giovannozzi. "NERO: a ode for the nonlinear evaluation of reso-

nanes in one-turn mappings", Comp. Phys. Commun. 106 (1997) 169-80).

The resonant normal forms introdue the onept of interpolating Hamiltonian

(A. Bazzani, E. Todeso, G. Turhetti, G. Servizi, A normal form approah to the

theory of nonlinear betatroni motion', CERN Yellow Report 94-02 (1994) 225).

whih is relevant to study the di�usion in the phase spae when a random noise or

a slow parametri modulation is present (M. Mart

�

in, A. Bazzani, P.M. Cinotta,

M. Pablo and C.M. Giordano, Stohasti approah to di�usion inside the haoti

layer of a resonane Phys. Rev E. 89-1, 012911, (2014)).



Nekhoroshev's estimate for the dynami aperture

A theoretial result on the normal form error suggests that the orbit transport in

the phase spae is bounded by a stability time
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But traking simulation suggests
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whih introdues a long term dynamis aperture r

1

whih an be numerially

omputed using traking simulations (M. Giovannozzi, W. Sandale, E. Todeso

`Inverse logarithmi extrapolation of survival plots in hadron olliders', ICFA Beam

dynamis newsletter 12 (1996) 6-8; M. Giovannozzi, W. Sandale and E. Todeso

'Dynami aperture extrapolation in presene of tune modulation', Phys. Rev. E57

(1998) 3432).



Frequeny Map Analysis

The traking data for the betatroni motion allows to ompute the Frequeny

Map proposed by J.Laskar using the quasi-periodi harater of the regular orbits.

We have developed the ode PLATO (M. Giovannozzi, E. Todeso, A. Bazzani,

R. Bartolini `PLATO: a program library for the analysis of nonlinear betatroni

motion', Nul. Instrum. and Meths. A 388 (1997) 1-7) for an aurate tune

evaluation based on the Hanning �lter.
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Saling laws have been proposed for the adiabati transport in the phase spae due

to the trapping into non-linear resonanes. This mehanism has been proposed

for an eÆient extration form SPS. (A. Bazzani, C. Frye, M. Giovannozzi, C.

Hernalsteens, Analysis of adiabati trapping for quasi-integrable area-preserving

maps Phys. Rev. E 89, 042915, (2014).


